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Abstract. The self-force of classical electrodynamics on a charged ‘rigid” body of radius R is
evaluated analytically for the body undergoing a slow (i.e., with a speed v < ¢), slight (i.e., small
compared to R), and temporary displacement from an initial position of rest. The results are relevant
to the Bohr—Rosenfeld analysis of the measurability of the electromagnetic field, which has been
the subject of a recent controversy.

1. Introduction

The problem of the classical electromagnetic self-force on an extended charged body moving
along a given trajectory is interesting in its own right; its analysis under some greatly
simplifying conditions is a key ingredient of the well known paper on the measurability of
the electromagnetic field of Bohr and Rosenfeld (BR) [1]. BR derived an eight-dimensional-
integral expression for a time average Fgr, of the self-force plus the electrostatic force due
to a stationary neutralizing body of opposite charge, acting on a charged ‘rigid’ bodyT that is
undergoing an x direction displacement whose time dependence D, (¢;) approaches sufficiently
closely a steplike trajectory D,®(T — t;)®(t;), D, = const (O(x) is the Heaviside step
function). The expression of BR is written as

Fgre = p; VT DAL M
where V and p, are the displaced body’s volume and constant charge density, respectively, and

the quantity A;};ﬁ is the BR geometric factor for two fully coinciding space—time regions I of
volume V and duration T [1,2]:
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Here and henceforth, t = t, — #;, r = |r, — 7| and units such that the speed of light c = 1
are used. This result is valid only when the displacement |D,| < a, where a characterizes
the linear dimensions of the body, and the speedi |D,(f;)| <« c—which implies a further
condition that | D, | < cAt, where At < T is the duration of the time intervals during which

T Of course, absolute rigidity is not allowed in a relativistic theory, and BR went to great lengths to justify an
assumption that the body is only rigid to the degree that all its parts participate sufficiently uniformly in the body’s
assumed motion.

% We shall display explicitly the factor ¢ in some inequalities.
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the displacement D, (¢;) goes smoothly from zero to the constant value D, and from D, back
to zero at the beginning and end, respectively, of the given time period 0 < #; < 7.

Recently, Compagno and Persico (CP) [3] have questioned the use of a steplike trajectory
in the BR calculation of the self-force, and have drawn the conclusion that the BR result
that a single space—time-averaged component of the electromagnetic field can be measured
to arbitrary accuracy only using a compensating spring is incorrect since it is based on
expression (1) that assumes an unphysical steplike trajectory. The paper of CP is criticized in
a comment [4], where it is shown by an explicit calculation that the limiting BR time-averaged
self-force (1) approximates correctly the self-force obtained with a ‘physical’ trajectory of
|D,(t;)| < cbutwith a sufficiently short duration At of the initial and final trajectory segments
outside which the body is essentially at rest. In the reply of CP [5], this criticism is rejected,
claiming that the calculation in [4] is incorrect.

In the present paper, we obtain analytical expressions for the time dependence as well as
a time average of the self-force on a spherical charged ‘rigid’{ body of radius R moving on
a trajectory that is subject to the special BR conditions but is not necessarily of a steplike
character. Exploiting the spherical symmetry of the problem, we perform the requisite
integrations directly with no recourse to the Fourier transform methods used in [2, 4], but
in full agreement with the results obtained using the Fourier transform method in [4] and
rejected by CP as incorrect. The expressions obtained are relatively simple, and it is surprising
that such or similar results do not seem to have appeared in the literature before (with partial
exception of papers [2,4])—which perhaps is a factor behind the recently expressed reluctance
to accept them, and their implications, as correct.

2. The time average of the self-force

First, we outline the derivation of a multidimensional-integral expression for the self-force in
terms of the body’s trajectory D, (¢) that, while conforming to the BR conditions | D, (¢;)| < R
and | D, (#))| < c, is not necessarily of a steplike character—apart from satisfying the condition
that D,(t;) = O fort; < O and #; > T. A detailed derivation of such an expression has
been given by CP [3]—but under the complicating conditions of a temporary removal of the
neutralizing body, which we shall consider simply as only permanently absent or present. The
displaced body’s time-dependent charge density is approximated to first order in a displacement
D(t)) as

p(ry, n) = plry — D)) =~ [1 — D(11)-Vilp(r1) (3)
where p(r}) is the body’s spherically symmetric charge density before its displacement. Using
this approximation and placing the differential operator D(¢;) - V| suitably using integration
by parts, the retarded potentials of the electromagnetic self-field of the body can be expressed
to first order in the displacement and neglecting also terms of order DD as

b (rabr) = /drl foo dnmso —

8
/drlp( & /dﬁp(l’l)/ dnD() - V, ([ r) @
A(ry, 1) —/dm/ P(Tl,tl)D(fl) 5 — 1)
. ( _r)
= | drip(ry) dtlD(tl) —. )

+ We employ here the same concept of rigidity as BR (see the first footnote).
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Assuming now that the displacement is along the x direction, the x component of the body’s
electric self-field can be written as
_0¢(ra. 1) 3A(12, 1)

Ex , ) =
(r2, 1) o2 o

8)62 r

/d ( )foodrmt) ” G Gty ©)
— rip(r N — .
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(The magnetic field is neglected in view of the assumption that the body’s speed | D, (;)| < c.)
This results in a self-force F, (t;) on the displaced body given to first order in D, by

ad
Fi(tr) = /d?“z {|:1 — D, (tz)a—xz:| ,O(rz)} E. (ry, 1n) = For (1) + Fi () (7)
where
2 9% 1
Fox(t2) = =Dy (1) / dr, / ar, 21 ©
[ri|<R |r2|<R 8x2 r

which equals pf. V2D, (1) /R3T and is, for |D,| <« R, the electrostatic repulsive force that
would be due to an identical body placed at the undisplaced position; and

F.(1) 2/ d / d /Tdt D, (1)) i 2 _\it=n 9)
x = — r T ' —
? Pe [ri]<R : r2| <R o/ Y\ oxiox,  anon r

which would be the net force in the presence of an oppositely charged neutralizing body
permanently occupying the space region of the undisplaced body, as the electrostatic force
of attraction to the neutralizing body would cancel the force Fy,(#;) of equation (8). We
assumed in equations (8) and (9) that the body has a constant charge density p., and replaced
the infinite region of the time integration with the time interval (0, 7) in view of the fact that
the displacement D, (f;) = 0 outside this interval. We shall be calling, following CP, the force
F\ (1) of equation (9) also a ‘self-force’.

We now evaluate the time average of the self-force as a one-dimensional quadrature
involving the body’s trajectory D, (¢;). A time-averaged self-force F, is obtained by averaging
expression (9) with respect to time #,,

_ 1 rT
o f A6 Fo (1) (10)
T Jo

and we note that when the trajectory D, (1) in (9) is replaced formally by a steplike trajectory
D,O(T — t)O(t;) the averaging results in the limiting BR time-averaged self-force Fgg, of
equation (1). The time-averaged self-force (10) can be written as

_ ,02V2 T
o=t /drle(n)f(m V=R’ (11)
0

where the function f(#;) is defined by

! ! 8 9>\ 8t —r)
S ==33 drl/ dTZ/ dlz( - ) . (12)
14 [ri|<R |r|<R 0 0x10x7 0t 0t r

1 This follows from the replacement of 3>/ 3x§ in (8) by %V%, which is allowed by the spherical symmetry of the
problem, and the use of sz(l/r) = —478% @y — ).

% The bodies may be assumed to have a fine tubular structure that enables them to move without hindrance through
each other along a given direction (see [1]).
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We note with CP [5] that the function f(#;) can be written as

ft) = / d f d det [1<V a2>+2 - }‘W—r) (13)
== T r - z
1 & [ril<R 1 [r2|<R 2 0 ? 3 2 82‘2 3 0t101 r

because 9/dx; = —d/dx, and 9/dt; = —d/dt, when operating on (¢t —r)/r, and 82/8x§ can
be replaced by %sz in view of the spherical symmetry of the problem. Using the well known
equation for the retarded Green function §(t —r)/r,

<V2 a:)s(tr_ D 4ns® g — )8ty — 1) (14)
2

and also performing the integration with respect to f, in the second term of (13), f(#;) is
obtained as

1
f) = =510 — 1) = O(=1)]

2 1
—— d dry—[8'"(T —t; —r) = 8'(—t; — )] 15
e fTM " fTM P 8T — =) =8/ (=11 = )] (1s)
Defining an integral
1 8'(s —
I(s) = — / drlf drzM V= %nR3 r=lr,—mn (16)
V= Jimi<r Iral<R r
the function f(#;) can now be written as
1 2
fn) = —F[(@(T —t)—O=n)l- g[I(T — 1) —I(=t)] (17)

Due to the symmetry of the problem, the integral (16) reduces to a three-dimensional
quadrature:

9 ot ot FE =8 = 208y)
I(s) = 2R3/ dclilfo dz;z;“z/ dx f= (8

- VEE+ 8 =200

Let us perform the integration with respect to x first. On the substitution & — (glz + ;22 _
2015x)1/? = y, this yields

/1 (E — &+ 8 20600 /(6 — ) — £ - SV (@ + ) —

5

dx = E]. (19)

! P+ =200 §162

The integration with respect to a radial variable, say ¢;, can be done using the rule §[ f (x)] =
> 8(x —x;)/1 f'(x;)|, where x; are the roots of f(x) = 0; 8[ f (x)] = 0 when there are no real
roots of f(x) = 0. When & > 0, the roots of f+(§1) = [(¢) + £2)*]"/?>—& are §(+) =5 tE,

and the roots of f_(£1) = [(&1 — £2)?1'2 — £ are ¢ = ¢ £ &, with | fL(¢7)| = 1 for all
these roots; when & < 0, there are no real roots of fi(¢;) = 0. We thus obtain

SV (& — 8)? —E1 =8l (51 + ) —
618

—®<5)/ dcl—[a@l L E) S — 6 — )
St 1+ o — )]

o) £)+ (6 — 501+ — £)]

02t <1 (20)

1
K&, 6) = /0 dg ¢
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Finally,

3

2 He-2%- EHOE)OQ2 — &) £=

9 1
I(s) = —fo Ay 2K (62, €) =

s
2R3 R

2

and, using this in equation (17), the function f(¢;) is evaluated for 0 < #; < T in closed form
as

1 1 T —
ft) = =5 = 5= Q= 0@ -2~ xDOC -0 1= R“

O0<t, <T
(22)

which completes the evaluation of the time-averaged self-force (11) as a one-dimensional
quadrature involving the test body’s displacement D, (#;). The BR geometric factor (2) for
coinciding spherical space—time regions can now be obtained in closed form as

T

T
AlD = %/O dey f (1) =—R%K—ﬁ(4+;<)(2—/<)2®(2—;c) K== (23)
in agreement with equation (100) of [2]. The terms —1/R> and —1/R*k in expressions (22)
and (23), respectively, are due to the electrostatic force of attraction to the neutralizing body—
when the latter is absent, or one is interested only in the proper self-force itself, these terms must
be subtracted from the above expressions. According to equation (23), the BR geometric factor
A)(CI;CD is equal to the electrostatic term —1/R3T only when the duration of the displacement
T > 2R; the result of CP that A)(CI;CD = —1/R3T for all values of T (see [5, equation (11)])
was obtained by an incorrect use of a Taylor expansion of the derivative of the delta function
in an integration with finite limits.

We assume that the trajectory D, (#;) can be expanded about the point #; = 0 as a Taylor
series, valid for0 < #; < T

S~ D),

Di(t) = ; — . (24)
This enables us to evaluate analytically the time-averaged self-force (11) in terms of the time
derivatives D)(c”) (07) = lim;, ¢+ d" D, (#;)/dt} using the closed-form expression (22) for the

function f(#1):
_ '03 V2 o) D)((n) (0+) T

T 4= n!

_ 3p2VE & R'D™(0Y)

TR® &= (n+4)!

F,

dry 8] f (1)

(K2 +2(n +2)k +n(n +3)](k —2)"?O(k —2)

k"™ L +3) M+ D" — (n+2)(n +3)(n + Hk") K= %. (25)
The electrostatic term —1/ R? in (22) contributes here one-third of the «™*! term, and so the
time-averaged proper self-force itself (or the time-averaged ‘radiation-reaction’ component of
the ‘self-force’ [3,5]) is obtained by replacing «"*! in (25) with %K”H.

Figure 1 exhibits the dependence on the displacement duration 7 of the time-averaged
self-force F, for a trajectory D, (t;) = Dy[1—cosQnt;/T)]O(T —1t,)O(t;), as calculated
according to equation (25), together with that of the limiting time-averaged self-force Firys
as given by equations (1) and (23).
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Figure 1. The normalized time-averaged self-force o, = F, / prsz calculated using
equation (25) for a trajectory Dy (t1) = Dx[l — cosQnt;/T)1O(T — t;)O(t;) (solid curve), and
using equations (1) and (23) for the steplike trajectory D, (t1) = DO (T —t1)O(#1) (dotted curve).
Units such that the speed of light ¢ = 1 and the radius of the body R = 1 are used.

3. The time dependence of the self-force
Using the results obtained in the course of calculating the time average of the self-force, we

can also evaluate analytically the time dependence F,(t;) of the self-force in terms of the
derivatives D;’”(O*) of the body’s trajectory D, (#;). The self-force (9) can be written as

T
F(h) = piV? / Aty D, (t)g(t — 1) (26)
0

where the function g(¢) is defined by

1 92 32 5(t —
g(t) = —— dry / de( = ) k) 27)
\%4 l71|<R |72 <R 0x10x2 0t 0t r

which differs from the definition (12) of the function f (#;) only by the absence of the integration
with respect to time #,. Thus, using equation (17), the function g(¢) can be expressed in terms
of the derivative of the integral I (s), and using expression (21) for 7 (s), we obtain

2dI(t) 3 3

1
§(0) = —258() = T=1 = = — 256+

2 _ L
3 d 2-8906)062-%) E§=—. (28

2R4 R

Only one-third of the §(¢) term on the right-hand side arises from the electrostatic term as the
derivative of the step function ® () in 7 (s) also contributes to it. Using in equation (26) the
closed-form expression (28) for g(¢) and the Taylor expansion (24) for D, (¢) in the non-delta-
function term, we obtain the following analytical expression for the time dependence F ()
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4

h

Figure 2. The normalized self-force @, (t;) = Fy(t2)/ pZVzDX calculated using equation (29)

for a trajectory Dy (t2) = Dy[1 — cosQnt2/T)]O(T — 12)O(2) (solid curve) and for the steplike
trajectory Dy (f2) = D, O(T —12)©O(t2) (dotted curve), with T = 1.5. Units as in figure 1 are used.

of the self-force:

3p2V?2 3p2V?2 . R"D™(0%)
F(t)) = ——5—D.(¢ —O(t —_—
(1) T Dil0) + =0 (1) ) i)

n=0
x[a,()O (kK = 2)O2 — &) + by (K)k" ' O(—£) + ¢, () (E)O (2 — £)]

an(k) = [K2+2(n+ Dic +n% +n — 2](k — 2)"*!

bo(k) = —k>+n*+5n+6 29
n+l 1 5 5
cp(K) = Rl |:b,,(/c) —(n+1Déx — E(n +3n +2)& i|
_k —_ L
K = R E=kKk— R

We note that, interestingly, the electrostatic force —p2V2?D,(f2)/R? of attraction to the
neutralizing body contributes here only one third of the term that is directly proportional
to the instantaneous distance |D,(f;)| < R from the neutralizing body. The averaging of
expression (29) according to equation (10) confirms equation (25) for the time-averaged self-
force F,; as expected, the self-force F\(t;) vanishes when the variable £ > 2 (i.e., when
ty > T + 2R). The limiting BR self-force Fggr,(;) is obtained with a steplike trajectory
Dy (1) = D,®(T—1,)O(tp), for which only the n = 0 term (with D (0*) = D,) in the
series in equation (29) is nonzero.

Figures 2 and 3 show the time dependence of the self-force F,(f;), calculated using
equation (29) for the trajectory D,(t;) = D,[l—cos2rt,/T)]O(T—1,)O(t;) and for the
limiting steplike trajectory D, O (T —t,)®(t).

An alternative expression for the self-force F, (#;) in terms of the derivatives ch”) (1) ata
current time #, along the trajectory should be instructive since the radiation-reaction force is
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3

Figure 3. The normalized self-force @, (r2) as in figure 2 but for a displacement duration 7 = 2.5.

usually expressed in terms of such derivatives. This can be done easily by suitably changing
the integration variable in equation (26) before expanding the trajectory in a Taylor series:

= (=) g
Fut) = piV2) =D () | dir'g(). (30)
n!

n=0 n=T
However, this is valid only for #, < T, as the function D,(f;) = 0 for #, > T and as such
cannot be expanded about a point £, > T for use in the interval (0, 7). The integration in
equation (30) with the closed-form expression (28) for the function g(¢) leads to the following
result:

3p2V? 3p2V?2 X (—1)"R"D™(t

Flt) = e Dutt) P50 3 R

x{[2"2(n — 1) — dyy (K)]1O (k — 2) + dp ()} 3D
d,(k) = [(n + Dk? — 2n — 6]c"*! =2 r

R R
For times #, > 2R (i.e., for « > 2), equation (31) gives
272 22 __9\n pn+2 n(n+2)

Fu(ty) = =2 R‘; D.(12) — 24;03‘/ 3 (’i +25))(I; . 5 o f;?ﬂ WR<n<T. (32

n=0

Here, the original n = 0 term reduced the first term of equation (31) to the electrostatic force of
attraction to the neutralizing body, the original n = 1 term vanished and the summation of the
series was relabelled so that it now begins with the D® (1) term. The series in equation (32)
agrees with the expression given by Jackson [6]F for the electromagnetic self-force on a body
carrying a spherically symmetric charge distribution. This can be seen on noting that, in

+ Note that Jackson’s self-force is defined so that its sign is opposite to ours.
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the case of a uniform spherically symmetric charge density, the integral appearing in that
expression has the following value:

9v22n+2Rn—1
/ dry / dr,r" ! = ) (33)
I <R Ir2l<R (n+5)(n+3)(n+2)

This integral was evaluated by reducing it to a three-dimensional quadrature in the same way
as that of the reduction of integral (16) to integral (18) and performing the resulting three-
dimensional integral analytically.

In conclusion, we remark that the fact that the time-averaged self-force (11) is proportional
to the displacement D, even in the absence of the neutralizing body—for a displacement
duration T < 2R and in the limit of a steplike trajectory—does not contradict the translational
invariance of the Lagrangian of the system consisting of the displaced body and the
electromagnetic field. Such invariance is irrelevant to the case under consideration because
the body is assumed to be displaced by an external force whose origin is outside this system.
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